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Elastohydrodynamics of Towed Slender Bodies:
the Effect of Nose and Tail Shapes on Stability

Michael P. Paidoussis* and Byung-Kun Yut
McGill University, Montreal, Canada

A general theory is presented to account for the dynamics and stability of a slender flexible body with a roun-
ded nose section and a truncated rounded tail section, towed underwater. Particular attention is focused on the
hydrodynamic forces acting on the two extremities of the body, which are determined by means of ideal flow
theory, rather than by slender body theory. To this end, general expressions were obtained for the forces and
moments acting on an ellipsoid undergoing planar motions. Sufficient results are presented to illustrate 1) the
dynamical behavior of the body with increasing towing speed, and 2) the effect of some parameters, such as the
shape of the ends, on stability. It was found that stability is mainly controlled by the shape of the tail section of

the body.
Nomenclature}
a,b =defined following Eq. (A4)
Cpp = base drag coefficient
< = friction coefficient
D,Dg =diameter of cylinder and of base of the body
D(§) =local diameter of the body
EI = flexural rigidity of the body
e = eccentricity of ellipsoid
F,,F, =normal and longitudinal viscous forces on the
body, per unit length
Jists =slenderness coefficients for hydrodynamic for-
ces at free ends
1,1, = normal and longitudinal inviscid hydrodynamic

forces on the body, per unit length
=defined by Eq. (A14) and (A11)
=length of main body
mM =mass and virtual mass of the body, per unit

length
=tow-rope forces defined by Fig. 1
=shear force at a cross section of the body
=maximum and base surface areas of the body
=length of tow-rope
=tension
=time
=mean flow velocity
=dimensionless flow velocity = (M/EI} " UL
=axial coordinate
= spheroidal coordinates defined by Eq. (A4)
=lateral displacement of the body
= bluntness of tail portion=X,/}\,
=M/(m+M)
=angles defined by Fig. 1
=L/D
=y/L
=s/L
= moment on a cross section of the body
=x/L
= fluid density
=Ut/Land {EI/(m+M)}"t/L?, respectively
= circular natural frequency
=dimensionless natural frequency={ (m+M)/
N EN"“QL?
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}Note: In this paper, bold superscripted numerals on mathematical
symbols are indices and not powers, eg., x%; [x2]2
=x?x?#x?
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I. Introduction

NTEREST in the dynamics of flexible towed slender

bodies began with the development of the Dracone flexible
barge for the transportation of fluids lighter than sea water.
The first study on the stability of such systems was un-
dertaken by Hawthorne.! Later, a more comprehensive
dynamical analysis, supported by experiment, was presented
by Paidoussis,>? for flexible cylindrical bodies with
streamlined ends towed underwater. Pao* further extended
this work.

It was found that such systems are subject to two classes of
instability: essentially rigid-body instabilities, which manifest
themselves at low towing speeds and can be either oscillatory
or nonoscillatory; and flexural instabilities, which occur at
higher towing speeds, and involve either flutter or divergence
(buckling) of the towed cylinder. It was found that, in
general, as the towing speed is increased, a towed system is
subject to several of these instabilities, either sequentially or
concurrently. Means for stabilizing the system with respect to
one form of instability generally were found to be effective
with respect to other forms of instability. Such means were
mainly related to the tow-rope length or the shapes of the nose
and tail of the body; indeed it was found that the overall
stability of the system could be controlled effectively by the
shapes of the nose and tail sections of the body.

In the aforementioned studies, the hydrodynamic forces ac-
ting on the main, cylindrical part of the body were determined
by means of slender body theory, and those acting on the nose
and tail were dealt with by using the same expressions
modified by semiempirical correction factors. The main con-
tribution of this paper is to account carefully for the
hydrodynamic forces on the nose¢ and tail by means of ideal
flow theory, by evaluating the forces and moments acting on
an ellipsoid, which is undergoing general planar motion (Ap-
pendix A). At the same time, several other improvements in
the formulation of the equations of motion have been in-
corporated.

Apart from its intrinsic interest, practical interest in this
work is not confined to the Dracone barge, which is almost
but not completely submerged, but also to recently proposed
underwater transportation systems involving rigid cylindrical
containers coupled elastically in a chain-like fashion.?

I1. Forces Acting on a Towed Slender Body

Consider a slender body or revolution immersed in an in-
compressible fluid of density p, flowing with uniform velocity
U parallel to the x axis, which coincides with the position of
rest of the body and of the tow-rope, as shown in Fig. 1. It is
noted that this is exactly equivalent to the body being towed
with velocity U in still fluid. The x and y axes lie in a horizon-
tal plane wherein all motions y(x,¢) should be confined. Also,
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it is assumed that the body is of null buoyancy and uniform
density, so that neither lateral forces nor moments are
necessary to keep it lying along the x axis, at least at zero flow
velocity.

Before proceeding with the analysis, it is desirable to define
the following dimensionless terms:

§=x/L n=y/L 7=Ut/L 1)

For the sake of analysis, the body is divided into three parts.
The main portion of the body extends from = — Y2 to £ = V2.
The length of the nose and tail ¢, and ¢, may be non-
dimensionalized as A; =¢;/L and A\, =/,/L, respectively; these
quantities are considered to be small, thus allowing con-
siderable simplification of the kinematics of the nose and tail.
Thus, along the nose, 5 (£,7) may be represented adequately
by

{&,7) =7, (1) + (£ +2)0,(7) @
where
n(7)=9(—=Y2,7) and 0, (7) =an/d¢| . _
Similarly, for the tail one may write

n(&,7) =n2(7) + (§ = 12)0:(7) 3)

Now, let us consider the hydrodynamic forces acting on the
main part of the body. For turbulent boundary layers,
Taylor® proposed that the normal and longitudinal com-
ponents of the viscous force may be expressed as follows:

F,=YpU%c/[S(£) /D(£)] (0n/37+0y/0%)

o @
= 15U/ [S(8) /D(£)]

According to Lighthill’s work,” the normal and longitudinal
components of the inviscid hydrodynamic force per unit
length of the deformed body, obtained by means of slender
body theory, are

pU? dS(§) [377

]
I & _+—] )

=pu_25($)[58;+3]2 o

L 3t
1,=0

respectively. Unfortunately, the previous expressions are valid
only over those portions of the body for which dD(£)/d¢ is
small, which clearly is not the case for the nose and tail sec-
tions of the body.

In order to deal with the forces acting on nonslender por-
tions of the body, use is made of ideal flow theory, without
the restrictive assumptions of slender body theory. In Ap-
pendix A expressions are developed for the inviscid
hydrodynamic forces on an ellipsoid of revolution undergoing
general motion. For the nose, these forces per unit length are
given by

I, =

—pU?S(§) d2n] dz@/ d61
L [{dTZ +ERRY d7}k2

2

d?]] dt91 L
—{— +(E+V2)— +0,§ - (1+k;) (1+k))
dar dr a

1_e2[x2]3

d201 a 2 d01 (1+k])(1+‘.73(2[.x2]2_1)) ]
Y L _E{ I—e?(x7]? -1}

X2 (I+kp)2(1-1x%]7)
Il,=pU2Smax;|: 11—€2[X2]2 _1] (6)
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Fig. 1 A diagram of a slender body towed underwater, showing the

four components: the tow-rope, the ‘“‘nose’’, the slender (iain) por-
tion of the body, and the ‘‘tail.”’

where S, is the maximum cross section of the ellipsoid, e its
eccentricity, x? is the second spheroidal coordinate (Fig. Al),
and a,k;,k,, and {; are given in Appendix A.

In case the nose is not an ellipsoid, it still may be analyzed
by means of the previous expressions by considering the for-
ces at each point to be approximately equal to those acting on
an equivalent ellipsoid, according to the technique developed
by Upson and Klikoff®; in such a case, a,k;,x?, etc. become
functions of £.

The tail section presents more difficulties because of
possible flow separation, the circumferential location of
which would shift with movements of the body. For the pur-
poses of this analysis it is assumed that the tail is truncated at
a point, such that separation does not occur before it; this is
likely to be the case anyway, since it was found that a
relatively blunt tail has a very important stabilizing effect on
the system. > In such a case, clearly the same sort of analysis
as for the nose may be applied and, accordingly, one finds

L=t O[O oS+ B2
_{@Hg 1/)%+02}§<1+k1)(1+k2)72[;?
T T )
=PUZSmax§ [ (1 +1ki):2([1x:][2xz] : _1] )

for the inviscid hydrodynamic forces on the tail, per unit
length.

Finally, there will be a force due to base drag acting on the
tail; following Hoerner, ? the base drag may be expressed as

Dp="pU?S5Cpp (8a)
with the base drag coefficient given by
Cpp=0.029 (Y2pU?S5/Digre) (8b)
where D, is the total drag acting over the entire forebody.

III. Equations of Motion and Boundary Conditions

Consider a small element §¢ of the body undergoing small
free lateral motions, as shown in Fig. 2. Taking force balances
in the £ and 5 direction and a moment balance, one obtains

oy on

oT
% +F L+ (F,+1, )L<67 T )=0 )

aQ d an an a2y
F,+1, L+—<T—>+F,L— U? =
Y ot ge Ty )ik gy —mU 52 =0

(10)
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aMm EI3%y
QL+¥=0 (11) ,EZ@ t-_w=N/LP,
Henceforth, it will be assumed that the main portion of the - . mU? 3%y
body is a uniform cylinder, for the sake of simplicity. Sub- + —%AA,L(E + /2)<F" 1+ L aT—z)LdE
stituting Eqs. (4) and (5) into Eq. (9), neglecting terms of
second order in small quantities, and integrating from some Y
arbitrary £ to the point at which, the tail section begins, one —S . — x2I,Ld¢ (19)
obtains oA a

T(¢)=T,+2pU%c;(S/D)L{V2—§) 12)
where T, is the axial force exerted by the tail on the main por,,
tion of the body,

[ZE PN
T,= S I Ldg + VipU?SsCps

where F, and I, are given by Eqs. (4) and (7). If in turn Eq.
(12), along with Eqgs. (4) and (5), are substituted into Eq. (10)
and Eq. (9) is used one obtains

30 a 97?2 S /am oy
-——=+ UZS[—+—] + VapU? “L(——+—>
ag " PU Pl Tarl T PY O D M\er T g
5 a’n , 8%y
—[T,+v2pU cf(S/D)L(l/z—é)]ang+mU 57 =0 (13

T
Finally, using Eq. (11) and the relationship
_EI 3%y 14
TL o3g2

and substituting into Eq. (13), one obtains the equation of
small lateral motions.

The boundary conditions at £ = — 2 and ¥4 are determined
by integrating the forces and moments acting on the nose and
tail. Thus, the shear force O, may be expressed as

EI 9%y
L2 3¢’

Y24+ Ny mU2 32,"
Q.= g:%=—SVZ(F,,+1n+*~7>Ldz (15)

L 0

with F, and I, given by Eqs. (4) and (7); and the moment I,
is given by

JEOm S%;fz A (F,+1 mUzaZ")Ld
ATl e P E-VONF.+1,+ L a2 3
Vathy B2
+ S 2 X, LdE~0 (16)
v a

Before proceeding with the determination of the boundary
conditions at £ = — ¥4, it is noted that the normal force due to
the tow-rope (Fig. 1) is given by

P, =Pan(y~8)=P( on - ] R
a¢ A o

Ny — 0 )\
=Pi(0, = =) (17
where the familiar trigonometric identities were used, as well
as perturbation expansions for d/d¢ and /A, and where
-y

P(=T2+‘/sz2(S/D_)ch+S . (Fetl)LdE
2TA]

Hence, one may obtain

EI3°y
Q=g e
- UZ aZ
=) (P, + "0 L (18)
Y- L 2

where I, and I, are given by Eq. (6).

The integrals in Eqgs. (15, 16, 18, and 19) may be expressed
conveniently in terms of a number of smaller integrals, which
are functions of the shape of the nose and tail. As an
illustration, consider Eq. (19) in its full form

EI 3%y . .
f@ =L)\]I/ZpUzsmax{ch(1110+112()'+1)
. . S -0\
+2(1710+l720)+‘LCDBI (01—”1_1]‘)
SmaX A
where
Dmax -% S
L= S () dt
Smax =Vi-Np D(E)

. L (+k)?(I=1x*17%)
— 32 —_
l710_5-%—x1ax { I—ez[xz]z I}df

and i, and i,,, are equivalent expressions with the limits of
integration being Y2 and 2 + \,.

IV. Analysis

Before proceeding with the analysis, the equation of motion
and the boundary conditions are rendered completely dimen-
sionless by defining

u= (pS/EIY"UL and B=pS/(pS+m) 20)

where 8= 12 throughout for null buoyancy. Furthermore, the
dimensionless time

7' =[El/(pS+m)] “t/L°=8"1/u @21

is used, since the resultant flexural frequencies at U=0 then
correspond to the frequencies of a free-free beam. Thus, the
dynamics of the system depend on the parameters u,ec;, A, N},
and \;. In cases in which the nose and tail are identical ellip-
soids, but with the tail truncated, N\, may be expressed by
)\2 = oz)\l .

Let us now consider motions of the body of the form

n=Y(E)e™ = )3 A (£+) e @2)
r=0

where w is a dimensionless frequency, which is generally com-
plex. Substituting this into the equation of motion, and col-
lecting terms in powers of (£ + ¥4), it is found that all of the
A, may be expressed in terms of A,,4,,4,, and A;. Then,
substituting into the boundary conditions, using the recurren-
ce expressions found in the preceding, and truncating the
series, the problem reduces to a matrix equation of the form

[G1{A4,A4,,A45,A45) 7 =10}

which, for nontrivial solution, leads to det[G]=0; this is an
implicit expression for determing the eigenfrequencies of the
system w;. If the imaginary part of one of the w,’s is negative,
Im(w;) <0, this indicates that motions will be amplified. If
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Fig. 2 An element, dx, of the main part of the body showing the
forces and moments acting on it (§ = dn/9f + dn/d7).
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Fig. 3 The eigenfrequencies of the zeroth and first modes of a system
(ecy=1, A;=0.015, A=5, a=1) as functions of the towing speed,

u.—, this theory;---, older theory (with f, = 0.6035, f, = 0.6046).
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Fig. 4 The eigenfrequencies of the second, third, and fourth modes
of the same system as in Fig. 3.

the corresponding real part Re(w;) is nonzero, then this im-
plies an oscillatory (flutter) instability; and if it is zero,
divergence is implied.

V. Results

A typical set of results for a uniform flexible cylinder with
ellipsoidal ends is shown in Figs. 3 and 4, where the frequen-
cies of the lowest five modes of the system are shown, plotted
as Argand diagrams, with the dimensionless towing speed u as
a parameter. It is seen that at low u the system is unstable by
vawing (divergence) in its so-called zeroth mode; at the same
time, towing is seen to generate flow-induced damping
[Im(w)>0] in the higher modes of the system. Then, at
higher u, the system is subject to oscillatory instabilities (flut-
ter) successively in its first, second, third, and fourth modes.
These results are qualitatively similar to those obtained
previously. >3

It is instructive to consider the differences in the results ob-
tained by this and previous theories, so as to obtain a measure
of the effect of the refined manner in which the forces at the
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Fig. 5 The factors f, and f, of older theories related to the
parameters of this, more refined, theory forecy =1, A=1. — a=1;
—— a¢=0.,9;-—-a=0.8.

extremities of the body have been dealt with here. To this end,
the older theory?® was modified to conform with the present
theory in all respects, except for the boundary conditions,
which incorporate the forces acting on the nose and tail of the
body. It is noted that in the older theory the inviscid
hydrodynamic forces were determined by slender-body
theory, and departures from them were accounted for by in-
corporating semiempirical correction factors; thus, at the
nose, the inviscid hydrodynamic forces were simply taken to
be

2 2
—flpU S[i‘*’i] i

L dr o0&
per unit length (0<f, < I), whereas at the tail the same form
was taken, but with a factor f,.

Clearly, by comparing the various terms in the old and the
new sets of boundary conditions, one may relate f; and f, to
the parameters associated with this (new) theory. This was
done in Fig. 5 for a body with ellipsoidal ends, by comparing
the coefficients of #? in the terms involving dY/d¢ [cf., Eq.
(22)] in the boundary conditions associated with shear at the
ends. Here the parameter « is defined by

a=N,/A,

and indicates the degree of truncation of the ellipsoid at the
tail; thus, «=0.75 indicates that the tail is formed by an
ellipsoid identical to that of the nose, truncated to three-
quarters its original length. Thus, approximate values of f;
and f, may be obtained for given ecy, A and, of course, \; and
.

Some calculations were conducted in which the results
obtained by this theory are compared with those of the older
theory, utilizing values of f; and f, from Fig. 5, and a form
drag coefficient at the tail (in the older theory) ¢, = (1-f,) /2.
Typical results are shown in Fig. 6 for the second mode of the
system and in Fig. 3 for the first mode. It is evident that,
although the results obtained by the two theories are similar,
they are by no means identical. This reflects the fact that two
parameters (f; and f,) are insufficient to account adequately
for the refinements introduced by this theory; for instance,
according to this theory there are different virtual masses for
the nonuniform parts of the body, associated with different
types of motions, whereas the older theory is based on
slender-body considerations and assumes a single virtual mass
for all ‘““lateral”” motions. It is of interest to note that, in the
case of the first mode (Fig. 3), the correspondence of the two
theories is quite good up to u=$; generally, agreement
deteriorates with the complexity of motion {mode number)
and with increasing u.

Next, consider the effect of some parameters on stability.
Figures 7 and 8 show, respectively, the effect of the two-rope
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Fig. 6 The second-mode eigenfrequencies according to this and the
older theories. Upper figure:---, this theory (A\; =0.015, A =1, ec; =1,

a=1); —-— older thoery (f, =0.6034, f,=0.6046); older
theory (f; =0.6046; f,=0.5500). Lower figure: --, this theory
\;=0.045, A=1, e;=1, «=0.8); ———, older theory

(f; =0.8839, f, =0.6014); —, older theory (f; = 0.8839, f, = 0.5000).

length (A) and the effect of shortening the tail (reducing «),
for specific sets of the other parameters. It may be seen that
making the tail more blunt is a far more effective means of
stabilizing the system than is altering the tow-rope length.

Considering Fig. 7 in more detail, it is noted that yawing
instability is independent of A, as found previously.?>?
However, the system is more stable in terms of oscillatory
instabilities if the tow-rope is sufficiently long or sufficiently
short; indeed, the first-mode oscillatory instability entirely
disappears at high enough A. It is also noted that these results
differ considerably from those obtained previously.>* This is
mainly because the more of refined manner in which the tow-
rope force was incorporated in this theory. Thus, the tow-rope
force P, is taken here to be P,=P,(dn/d&—n/A), whereas
previously it was simply taken as P,= —P,(n/A). Clearly,
although the latter is a reasonable approximation for short
tow-ropes, it is inadequate for long tow-ropes.

Finally, the effect of slenderness of nose and tail were
investigated. Figure 9 shows some results, for the second
mode of the system, in which the nose and the tail were
shortened by a factor of three, as compared to a “‘standard
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Fig. 7 Stability map showing the effect of A for a system with
ecy=1,X,;=0.015, 0 =0.8.
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Fig. 8 Stability map showing the effect of the tail truncation ratio «,
fora system withecy =1, A; =0.015,and A=1.

case’’ in which A; =0.045 and X\, =0.8\, =0.036. It is seen
that, if the nose is made shorter (but still ellipsoidal), the
effect is to destabilize the system, whereas if the tail is made
shorter, the opposite effect is obtained. It is noted that similar
results were obtained in the case of the first mode of the
system.

VI. Conclusion

The theory for the dynamics of towed flexibie slender
quasicylindrical bodies has been refined by obtaining the
inviscid hydrodynamic forces acting on the nose and tail
sections of the body by means of ideal-flow theory. At the
same time, the tow-rope force was incorporated in a more
refined manner. The analysis presented in the Appendix,
giving the force and moment distributions on an ellipsoid
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Fig. 9 The effect of nose and tail slenderness on stability for a system
with ec;=1, A=1, «=0.8. —A;=0.045, Ar,=0.036;

— X, =0.045, A, =0.012; -, X, = 0.015, A, = 0.036.

undergoing plane motions, is quite general and may have
wider interest than strictly in terms of the requirements of the
paper.

Of course, this theory is a great deal more complex than the
older theories.”* However, the degree of complexity
introduced is more than justified, particularly in view of the
critical role on stability played by the forces acting at the two
extremities of the towed body. This was borne out by the
results obtained in this paper, where it was found that the
dynamics of the system as predicted by this theory are
considerably different from what was given by the older
theories; although most of the results obtained here are
qualitatively similar to those obtained previously,
quantitative differences are quite important.

If one should wish to continue using the older theories,
because of their simplicity, the work presented here offers, for
the first time, the possibility of analytically determining the
semiempirical factors associated with the inviscid
hydrodynamic forces acting at the nose and tail of the body.

In terms of stability, it was shown that it is advantageous to
tow a flexible body with either a very short or a very long tow-
rope, a well-known result for rigid towed systems. However,
from the practical point of view, this is not always possible; in
any case, yawing (divergence) instability, if it occurs at all for
a specific system, cannot be eliminated by manipulating the
tow-rope length. A much more effective manner of stabilizing
the system is by appropriate design of the nose and tail
sections of the body. The nose should be as slender as
possible —a desirable form in terms of towing efficiency in
any case. The opposite applies to the tail, which should be
nonslender and, if it has a truncated ellipsoidal shape, it
should be truncated quite short; this theory provides the
means for proper design to achieve overall stability.

Recent work on the effect of nose and tail shapes on
stability of self-propelled articulated® and flexible systems, to
be published in the near future, indicates that the previous
findings apply to such systems also.

Appendix A: Force and Moment Distributions Along

an Ellipsoid of Revolution Undergoing Plane Motion§
Lamb'® investigated the net overall forces and moments

exerted by fluid on a translating and rotating spheroid, but

§This work was conducted by the senior author in collaboration
with P.J. Yoder, Research Assistant, McGill University.
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Fig. A1 The Cartesian and spheroidal coordinate systems used.

refrained from undertaking the “‘troublesome calculation of
the effect of the fluid pressures on the surface of the solids.””
These troublesome calculations were carried out by Jones!!
for steady-state motion in a plane. Regrettably, Jones’ failure
to account for linear and angular accelerations renders his
findings inadequate for our purposes.

Let us introduce an inertial frame with Cartesian
coordinates (Z',Z%,Z3%), for which Bernoulli’s equation
applies

(P—Px)/p=—00/31="2V -V (A1)

where p is the ambient pressure and ¢ is the velocity potential.
In order to find ¢ for the ellipsoid, it is necessary to work in
terms of coordinates which move with the body. We
introduce, therefore, a second Cartesian system (z!,z2,z%)
embedded in the ellipsoid, whose origin coincides with the
ellipsoid centroid, the z'-axis pointing along the axis of the
body.

If the ellipsoid has absolute translational and rotational
velocities V(¢) and w(f), respectively, then the velocity
vectors of an arbitrary point moving in space corresponding
to the fixed and moving coordinate systems R and 7,
respectively, are related by

RO =V({) +F(1) +w(t) xr(1) (A2)

where, for plane motions,

V=V'e, + Ve, and w=w’e; (A3)
the e; being unit vectors of the z' system (Fig. A1) Also con-
sider a set of spheroidal coordinates (x',x2,x*) defined by the
relations

7' =aex'x?

zt=age([x']2—1) " (1-[x*]7%) "cosx?

P =ae([x']1°=1)" (I1—[x*]7) “sinx? (A4)
where x'>1, —I<x?=<1]and 0<x? < 2x(Fig. Al). The locus
of points satisfying x!=1/e is a prolate spheroid, whose
length is 2¢ and whose maximum radius is b=a(l—e?) ".
The relation defining the surface of the spheroid is

F(x'Y=x'—1/e=0 (AS)

Now, within the context of incompressible ideal flow
theory, the equation of continuity is given by

vip=0 (A6)
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and the boundary conditions by
Voen=[{V+wxrlen on F(z')=0 (A7)

where n is a unit normal vector on the ellipsoid. The next step
is to express Egs. (A6) and (A7) in terms of spheroidal coor-
dinates. For this purpose, the metric tensor g; and its
reciprocal g¥ are introduced, g; being the spheroidal unit vec-
tors; one finds that

gi=aexe;+aex'[f(x?)/h(x')] " {cosx3e, +sinx’e;)

gr=aex'e; —aex* [h(x")/f(x?)] " {cosx’e, +sinx’e; )

gy=—ae[h(x")f(x?)] " {sinx3e, —cosx’e;}

gu=a’e?[h(x") +f(x*)1/h(x")

gn=a’e?[h(x') +f(x?)1/f(x?)

gu=a’e’h(xY) f(x?) and g, =0if i#j

gi=1/g;ifi=jand g"=0if i#; (A8)
and
g=alel[h(x") +f(x)]?
where
h(x'y=([x"1°=1)
and

fxhH=-1x"19)
Thus, Eq. (A6) may be written as
ad do

Vie=—pr —(g"g"-—)=0 A9
*= @ % ax &8 ) (A9)
Also,
pe YE _ 28" __&
IVFl lggll Ixt=re (gy)” xt=1re
and hence, Eq. (A7) may be written as
) T adb &
11_+ 22__+ 33—].
[glg ax! Ba8 ax? 88 ax*1 (g)”
SV =0z e + (Vihelzhe ] o
&) "
(A10)

onF=x!'—]/e=0
where the various tensor quantities are given by Eq. (A8).
1t is found that the potential found by Lamb '° does satisfy
Eqgs. (A9) and (A10), i.e.,
o=—V'lak, (x")x?
—Viae([x'1?~1) "k, (x") (1—[x?]?) “cosx?

—w3a?e([x"']12=1) "8 (xV)x2(1—[x%]?) “cosx?

where
Y41
e{‘/zx'log );1 7 —I}
—k,;(x\)=
1) {1/10 I+e_ e }
B T I—e?
{1/10 x'+1 x! }
. BB T T Tk =1
—ka(x) = l+e e—2¢° (ALl
o _e=2e)
{/ZOgI—ez 1—e?
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1
e2{3/2x‘10gx +! ! ]

—3—
x'~1 [x'17 1
2—e? 1+e e’
3/2( )1 —6 }
{ e 8 I—e +1—e2

Now rewriting Bernoulli’s equation, Eq. (A1), in the form

‘fa(xl)=

(P—Do)/p=08/0t i_const + (V+aXr) - Vé—12V¢-Vo
(A12)

and substituting Eqs. (Al11) and (A3) into it, after lengthy
manipulation, one obtains

(P=p)/p=(V'iey+ 2V ] o)
+ (Vi + VIV, +adc; YwiVie, ) cosx?
+ (Y[ V2 2y +wd Vi, + Yo [w3] %cy3) cos i’
(B 2c5 403 Ve + 14 (03] 2eyy) sin 2
where

(I+k))?(1=1(x*179)
1_e2[X2]2

C01=ak1X2 CO2=1—

c=bky(I1-{x*1%)"

X?.(I_[XZ]Z)'/:

b
C12:<;>(1+k1)(1+k2) I_e2[x2]2

c;y=abtix?(1—[x*]2%) "

Uk UI+G2IX1° D) "
C14—b{ —eix?]? —1}(1—[x2]2)/
(b/a)? (1+k,)?[x*]?
R P
_ 2{1_(b/a)2(1+kz){1+l’3(2[X2]2~1)}}
Crp=ax 1_32[x2]2

b6 (21x%)2 1))
I_eZ[XZ]Z

cp=a’[x?]?+b2(1-[x?]7)

(A13)
cy=1—(1+k,)? cp=ax?{1—(1+k,) (I+0;))}
e =a’[xP] 21— (1+0;) )
ki=ki(x") 1= 1/, i=1,2and 5=06(x") 1 1= 1/¢ (A14)

Having determined the pressure, the force acting on the
ellipsoid may be calculated i.e.,

—pn —pn
F=SS dz2dz! +S§ dzdz!
upper | n.e; lower | n.e4)

sector sector

but, since only the force per unit length along the ellipsoid
axis is of interest, one need only determine
aF Sbu—[zl/a]?)‘/l pn s S —b(1-1zV/a12y " pn

= - L2y dz*
9z! LT TN bu-ahH”  n.e;yl

(A15)

Accordingly, substituting from Eq. (A13), keeping z!=ax?
constant in the integration, and recalling that x! = 1/e on the
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ellipsoid, one obtains, after lengthy manipulation,
(9F/8z7") -e;= —pw(b?/a)x?
X {2V o+ V' 2o+ 4 [ V)2 (cy +C31)
+wdVi(cn+en)+ w2 (cn+css) ) (A16)
OF/07")-e,= —pab{Vic; + VIV, +a’c;; +wiVic,,)
and, in a similar manner, one obtains the moment

oM _ - bfxz) aF A7)
_— = — —.e
azl ~ ? a az! ? (

These expressions may be used to obtain the forces acting
per unit length on ellipsoidal nose or tail sections of a flexible
body. Thus, for the nose section of the towed system under
consideration, it is noted that

Vl=—_U Vi=0
& d9
V2=U%+UEI~<£+‘/2>+U0,
. Uzdz'l]] U2d201 U2d01
Vi=—o +— + V) +——
L a’ T L @ YT
U df, U2 d%,
3'=._.——~ '3:——————-—— 8
¢ L dr L? dr? (A18)

J.HYDRONAUTICS

where Eqs. (2) have been used and motions were assumed to
be small. Substituting these into Egs. (A16) and (Al7), one
obtains Egs. (6). In a similar way, one may obtain Eqs. (7) for
the tail section.
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